Abstract-Radiation sensing applications for SNM detection, identification, and characterization all face the same fundamental problem: each to varying degrees must infer the presence, identity, and configuration of a radiation source given a set of radiation signatures. This is a problem of inverse radiation transport: given the outcome of a measurement, what was the source and transport medium that caused that observation? This paper presents a framework for solving inverse radiation transport problems, describes its essential components, and illustrates its features and performance.
and (3) transport calculations must execute quickly so that iteration towards a solution converges in a reasonable time. This paper discusses the impact of these requirements on the design of our inverse transport framework. We present an example illustrating the salient features and performance of our approach for inverse transport.
II. COMPONENTS OF THE FRAMEWORK
The framework consists of three fundamental components:
• A series of radiation transport calculations that synthesizes the neutron and gamma field incident on the detector given a hypothesized model of the source;
• A detector response model that transforms the neutron and gamma radiation incident on the detector into an estimated response, e.g., a gamma spectrum; and • A nonlinear minimization procedure that iteratively adjusts parameters of the hypothesized transport model until the synthesized response matches the measured response. The following sections describe each component.
A. Radiation Transport
Our implementation combines (1) SN deterministic transport to solve for the energy group averaged electron, neutron, and photon flux and leakage current with (2) photon ray-tracing to solve for the discrete energy photon leakage current. These deterministic methods were chosen in favor of Monte Carlo methods for their computational speed.
1) Electron Transport Electron source terms are computed for beta decay, and the electron flux is used to compute electron-bremsstrahlung photon source terms.
Beta endpoint energies and intensities were extracted from the Evaluated Nuclear Structure Data Files (ENSDF) [1] . Electron source terms are generated using the Fermi relativistic model of the beta emission spectrum for allowed transitions [2] . Multigroup electron transport cross-sections were generated using the CEPXS code [3] . The BoltzmannContinuous Slowing Down (Boltzmann-CSD) equation for electrons is solved using the SN deterministic solver ONELD [4] . The resulting electron flux is folded with electronbremsstrahlung cross-sections extracted from the MCNP EL03 library to synthesize the bremsstrahlung photon source term [5] .
2) Neutron Transport Neutron source terms are computed for spontaneous fission and (a, n) reactions, and the neutron flux is used to compute (n, y) source terms from induced fission, neutron capture, and inelastic scatter.
The code SOURCES-4C is used to generate neutron spectra for spontaneous fission and (ex, n) reactions [6] . SOURCES-4C uses the Watt fission spectrum model to generate spontaneous fission spectra for 30 different radionuclides. The code uses simplified alpha transport and (ex, n) reaction crosssections to generate the (ex, n) neutron spectrum for 48 different alpha-emitting radionuclides interacting with 16 different light target nuclides.
Multigroup neutron transport cross-sections were generated by collapsing the problem-independent VITAMIN-B6 library onto a coarser group structure while retaining its upscatter elements, which are necessary to correctly simulate highly moderated systems [7] , [8] . The Boltzmann neutron transport equation is solved using the SN deterministic solver PARTISN [9] . The resulting neutron flux is used to compute the rate of induced fission gamma production and gamma production via neutron capture and inelastic scatter reactions.
The induced fission rate is computed by folding the neutron flux with the fission cross-sections, and the resulting induced fission gamma spectrum is calculated using Maienschein's models [10] , [11] . The rate and discrete energy spectrum of photon production via neutron capture and inelastic scatter reactions are computed by folding the neutron flux with (n, y) reaction cross-sections extracted from the MCNP ACTI and ENDF66 libraries [12] , [13] .
In addition, the number of gammas emitted by the compound nucleus formed during an (ex, n) reaction is correlated to the (ex, n) neutron production rate. This discrete energy photon source term is generated using measured correlations for beryllium-9, nitrogen-I4, oxygen-I6, oxygen-17, and fluorine-I 9.
Finally, the energy-dependent neutron leakage current estimated from the PARTISN solution of the transport equation is used to calculate the rate of (n, n') and (n, y) reactions within the gamma detector, because these contribute to the gamma detector's response in mixed neutron/photon fields.
3) Photon Transport and Ray-Tracing
The composite photon source term is formed from the following individual source terms: • Nuclear decay (i.e., alpha and beta decay, electron capture, and isomeric transition); • Electron-bremsstrahlung; • Induced fission; • Neutron capture and inelastic scatter; and • (a, n) reactions Nuclear decay gammas were extracted from the ENSDF [1]. Note that nuclear decay, neutron capture and inelastic scatter, and (ex, n) reactions result in discrete energy photon source terms. These discrete spectra are included in the source term used to numerically solve for the total photon leakage current. They are also separately ray-traced to estimate the uncollided photon leakage current.
Multigroup photon transport cross-sections were generated using the code GAMLEG-JR [14] . The Boltzmann transport equation for photons is solved using the SN deterministic solver ONELD [4] . The resulting energy-dependent photon leakage current is used to compute the continuum components of the gamma spectrum.
The photon flux estimated by ONELD is also used to compute x-ray fluorescence photon source terms, which are ray-traced in addition to the other discrete-energy photon source terms. Photoionization cross-sections for x-ray fluorescence were extracted from the Evaluated Photon Data Library (EPDL) [15] .
The ray-tracing procedure estimates the uncollided photon leakage current resulting from discrete energy photon source terms [16] . The ray-tracer segments the transport model geometry into discrete spatial intervals, i.e., a spatial mesh. The mesh interval boundaries are dictated by the spatial variation in the preceding discrete source terms. For each discrete energy photon, within each mesh interval, the lineintegral of the photon attenuation coefficient is computed along the ray from the gamma's point of origin to the exterior surface of the model. Photon attenuation, scatter, and pairproduction cross-sections are computed using models developed by Biggs and Lighthill [17] , [18] , [19] . This raytracing procedure calculates the intensity of uncollided discrete energy photons escaping the model's outer boundary. It also accumulates the line-integral mean atomic number and areal density (the product of density and distance traveled) for each discrete energy photon.
The uncollided leakage current is used to synthesize photopeaks to arbitrary precision. The mean atomic number and areal density are used in conjunction with the KleinNishina scattering kernel to estimate the Compton continuum associated with each photopeak [17] . This estimate is fairly accurate for high-energy photons, for which backscatter and buildup are relatively minor effects. At lower energies, the continuum estimated from numerical solution of the transport equation is used.
B. Detector Response Model
The framework employs a point model of the gamma detector response function that accounts for the detector dimensions, shape, and material cross-section. Response functions for most materials that are commonly used in gamma spectrometry, including sodium iodide and high-purity germanium (HPGe), have been developed and implemented.
These response functions also model the instrument's energy calibration and spectral resolution. The energy calibration is modeled using a polynomial fit to predict energy given a multichannel analyzer (MCA) channel number. The polynomial is augmented at low energy with a rational function. Resolution is modeled using a power law in energy. Peak shapes are modeled using a Gaussian shape augmented to include low-and high-energy skew. In addition, sum peaks and other effects resulting from pulse pileup are generated using an empirical model that accounts for the occurrence of multiple coincident pulses. (1)
C. Nonlinear Minimization
The framework employs a modification of the LevenbergMarquardt nonlinear minimization procedure [20] . This procedure seeks the transport model parameters that minimize the error between the computed and measured gamma spectrum. The minimizer uses a chi-squared metric of the error between the synthesized and measured spectrum:
where n denotes channel number, xm is the measured spectrum, Xc is the computed spectrum, and a 2 is an estimate of the variance. The variance is a pooled estimate that includes the statistical uncertainty of the measured spectrum and bounds systematic errors in the computed spectrum [21] .
The chi-squared metric is the variance-weighted sum of square errors between the model and the measurement. This metric forces the minimizer to fit spectral features that have low uncertainty preferentially over spectral features that have high uncertainty.
Because most gamma spectrometry instruments acquire a single spectrum that is integrated over the sensor's entire spatial field of view, inverse problems are currently constrained in our framework to a single spatial dimension, Le., the source is modeled as a series of one-dimensional material layers. The model parameters optimized by the nonlinear minimization procedure are the thicknesses of individual layers. Optimization of other parameters, including layer density and isotopic composition, may be implemented in the future. The framework is general enough to permit these extensions.
The minimizer also requires an estimate of the local gradient in chi-squared as a function of the variable model parameters (the layer thicknesses) at each iteration. Currently, the framework numerically estimates the gradient in chisquared by performing a perturbation calculation for each variable parameter during each iteration. The nominal (unperturbed) solution for the electron, neutron, and photon flux from the preceding iteration is used as an initial guess for the perturbation transport calculations to speed their execution. Techniques have been developed by other researchers that employ adjoint calculations to estimate the local gradient, but those techniques have generally been restricted to calculations of the uncollided leakage spectrum continuum above 2614 keY due to Compton scattering of 10.2 MeV photons from germanium (n, y) reactions. They also generate "saw-tooth" peaks at, e.g., 596 and 691 keY due to (n, n') reactions in germanium.
The convolution of the neutron and photon leakage current with the detector response function produces an estimate of the gamma spectrum that the detector would have measured in response to the source modeled by radiation transport. The parameters of the transport model are iteratively adjusted using a nonlinear minimization procedure until the synthesized spectrum matches the measured spectrum. .£
The continuous and discrete energy photon current computed from radiation transport are used to synthesize an estimate of the detector's spectral response to the radiation source. The neutron leakage current from radiation transport is also used in the computation of the detector's response to neutron capture and inelastic scatter within the detector medium. These interactions primarily induce a high energy Energy (keV) Fig. 1 . Calibration measurements used to estimate detector response parameters. Each chart compares the gamma spectnun measured from a calibration source with known activity to the spectrum calculated by fitting the response function parameters to all of the measurements. Measurements are shown in gray, and calculations are shown in red.
Local attenuation in the detector's structural materials and in any filters or shields is modeled. The detector response function also employs an empirical model of near-and farfield photon scattering in detector structural materials and environmental clutter.
The parameters of the detector response model are estimated by measuring a collection of known sources. The parameters of the response model are determined by fitting the measured calibration spectra. Fig. 1 shows calibration measurements collected from barium-I 33, cobalt-60, and uranium-232 sources using a 140% relative efficiency HPGe detector. The figure also shows the fits to the measured calibration spectra that were used to estimate the response model parameters for this detector.
[22]. We have not investigated their utility in full-spectrum calculations. 600 to 700 keY RDI is consistent with the isotopic composition of weapons-grade plutonium (6% plutonium-240). The intensity of these photopeaks is roughly consistent with the surface area of the plutonium in the initial model. Differential attenuation of the photopeaks and the shape of the Compton continuum associated with the photopeaks are consistent with the thin iron outer layer shown in the initial model. The continuum above 2614 keY, which in this case is primarily caused by neutron capture in germanium, is consistent with the initial model's mass of plutonium. This mass, in conjunction with the surface area required to match the photopeak intensities, requires the initial model to have an internal void as shown.
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Qualitatively, the spectrum synthesized from the initial guess shown in Fig. 2 is only a fair approximation to the measured spectrum. The photopeak amplitudes are only approximately correct, which indicates that the surface area of the initial guess is in error. Furthermore, the energydifferential amplitudes of the photopeaks indicate that the thickness of the outer layer of iron is also only approximately correct. The high energy continuum (particularly above 2614 keV) is low for the initial guess, which indicates that the total plutonium mass is also incorrect. However, all photopeaks evident in the measured spectrum are also present in the computed spectrum, and the overall amplitude of the spectrum is approximately correct. Consequently, the initial guess can be optimized against the measured spectrum.
Note that as an alternative to the manual method used to generate the initial guess shown here, fully automated methods to estimate isotopic composition, surface area, and mass of plutonium have been developed and implemented [23] . Those methods are however outside the scope of this paper. For the simple example shown, iteration towards the solution converges on the same final model regardless of whether the initial guess is generated manually or automatically.
Starting from the initial guess shown in Fig. 2 , the nonlinear minimization procedure seeks the combination of layer thicknesses that produces a computed spectrum that optimally matches the measured spectrum in a minimum squared error sense. The first four iterations of this step are shown in Fig. 3 . For this example, the minimizer typically executes a total of ten iterations, but changes in the transport model and in chisquared are slight following the fourth iteration. Each iteration executed in a few seconds on a standard office laptop computer, such that the minimizer converged on the solution shown in Fig. 4 in less than one minute. ig. 2 shows an initial guess at the solution developed from manual inspection of the measured spectrum. The fact that the source contains plutonium is evident from the photopeaks associated with plutonium-239 and americium-241; the latter tends to be correlated with plutonium-240 content (via its association with plutonium-241). The intensity of the plutonium-239 photopeaks in the 300 to 400 keV region of interest (RDI) relative to the americium-241 photopeaks in the III. EXAMPLE PROBLEM   Figs. 2, 3 , and 4 depict the solution of the inverse problem for a high resolution measurement of a simple plutonium source. The detector was a 12% relative efficiency HPGe spectrometer located 1.55 m from the source. c::
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In general, we have observed that if the initial guess contains material layers that do not exist in the measured source, or if the composition of any given layer is significantly in error~then the iteration towards a solution will not converge to a low value of chi-squared~which is nominally unity. Failure to converge upon a solution is an indication to the analyst that the initial guess is an incorrect representation of the source~and the initial guess should be reconfigured. In particular, the initial guess must exhibit all the photopeaks evident in the measured spectrum, and the differential attenuation and Compton continuum synthesized from the initial guess must be consistent with the measured spectrum. In other words~the optimization algorithm cannot identify errors in parameters that are not variable. At this time, our framework has not implemented methods to assist the analyst in correcting such errors. However, automated methods to one or more appropriate model hypotheses are the subject of current developments.
A drawing of the actual source that was measured is shown in Fig. 5 . It was a 2.4-kg sphere of 6% plutonium-240 plutonium metal. The source had a thin cladding of stainless steel as shown in Fig. 5 . The sphere's outer radius was 3.5 cm, and it had an internal void in the shape of a conical frustum (the purpose of the void was to permit the source to be mounted on a stand) [24] . The central void in the transport Energy (keV) 
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model is the optimal one-dimensional approximation to the actual void in the source. Note that it simultaneously preserves the surface area and the mass of the plutonium, which are the primary properties dictating the shape and amplitude of the measured gamma spectrum. The one-dimensional void radius is dictated by these two properties.
.1524 ± .0254 constant wall 7.000 sph. dis. - Fig. 5 . Actual plutonium source. The source was constructed from plutonium metal containing approximately 6% plutonium-240. The total plutonium mass was 2.387 kg. As shown, the source had a conical section removed and was clad in 1.524mm-thick stainless steel. Dimensions in the figure are given in centimeters.
IV. CONCLUSION An approach to the solution of inverse transport problems permits the configuration of an unknown source to be estimated from its radiation signatures. This approach is applicable to SNM detection, identification, and characterization problems facing nonproliferation and international security. We have implemented one possible approach to the solution of inverse transport problems. Our solution framework employs deterministic radiation transport to predict radiation fields impinging on a radiation detector. The framework uses detector response models that predict the response of the detector to the incident radiation, and it uses the Levenberg-Marquardt nonlinear minimization procedure to iteratively adjust transport model parameters until the predicted detector response matches the measured response. The transport model developed during this iterative optimization represents a best (in a minimum squared error sense) estimate of the actual source configuration. For most problems, convergence upon a solution is achieved in one to a few minutes.
